We study the decoupling of high dimension operators from the the description of the low-energy spectrum in theories where conformal symmetry is broken by a single scale, which we refer to as 'broken CFTs'. Holographic duality suggests that this decoupling occurs in generic backgrounds. We show how the decoupling of high mass states in the (d + 1)-dimensional bulk relates to the decoupling of high energy states in the ddimensional broken CFT. In other words, we explain why both high dimension operators and high mass states in the CFT decouple from the low-energy physics of the mesons and glueballs. In many cases, the decoupling can occur exponentially fast in the dimension of the operator. Holography motivates a new kind of form factor proportional to the two point function between broken CFT operators with very different scaling dimensions. This new notion of decoupling can provide a systematic justification for holographic descriptions of QCD and condensed matter systems with only light degrees of freedom in the bulk.
Introduction
Our understanding of modern physics is largely based on Effective Field Theory (EFT), which allows us to obtain universal predictions about long-distances while decoupling the short-distance details. The AdS/CFT correspondence [1] [2] [3] and the development of RandallSundrum models [4, 5] , AdS/QCD [6] [7] [8] , and even AdS/CMT [9] [10] [11] [12] has led to the study of EFT in a qualitatively new context. Although it was implicit in many earlier works, the systematic study of EFT in AdS/CFT has been a relatively recent development, perhaps beginning with [13, 14] and continuing with many further studies [15] [16] [17] [18] .
In this work we will study field theories such as QCD that are approximately conformal at short distances, but that break conformal invariance at long-distances and generically have a mass gap. One can naturally describe these 'Broken CFTs' at a long distances with an EFT in d-dimensions, where we will often refer to the familiar case d = 4. In the case of QCD, this would simply be the EFT of pions, and perhaps also ρ mesons, nucleons, etc. However, in light of AdS/CFT, it becomes natural to consider an alternative description in terms of a (d + 1)-dimensional warped space approximating AdS. The description in the warped space can also be an EFT with only a finite number of light bulk fields. If the CFT has certain special properties [13, [17] [18] [19] [20] then this can be a very good description.
The challenge in making this correspondence is that invariant masses in the warped bulk spacetime are not directly associated with d-dimensional energies; instead they are related to the dimensions of operators in the broken CFT [14, 21] . More formally, this connection is explained by the fact that eigenstates of the AdS Laplacian map directly to eigenstates of the Conformal Casimir in the CFT, so that
with eigenvalues m 2 R 2 AdS = ∆(∆ − 4) for scalar operators. 1 Consequently, there are two distinct notions of EFT, the traditional kind based on the d-dimensional masses of particle resonances in the Broken CFT, and a new kind, based on the (d+1)-dimensional masses of bulk fields. Because bulk masses are dual to the dimensions of operators in the CFT, integrating out high mass bulk states leads to an Effective CFT [14] with a cutoff in scaling dimensions. The relation between the d + 1-dimensional EFT or 'ECFT' [14] and the more standard ddimensional EFT is non-trivial. It is not even clear that the decoupling of the "short-distance" physics in one theory will be compatible with decoupling in the other. The purpose of this work will be to study the relationship between these two quite different effective field theory descriptions.
Although we are motivated by AdS/CFT, many of our central questions can be phrased purely in the language of the broken CFT. For example, consider two CFT operators O 1 and O 2 of dimension ∆ 1 = ∆ 2 . When conformal symmetry is unbroken the 2-pt function of O 1 with O 2 vanishes, but in the presence of a mass gap we expect
in the large r limit, where m is the mass of the lightest particle created by O 1 and O 2 . We can now ask how f (∆ 1 , ∆ 2 ) behaves in the limit that ∆ 2 ∆ 1 , in particular when ∆ 1 ∼ few, so we simply have f ∆ 1 (∆ 2 ). One of our main goals will be to show that we must have f ∆ 1 (∆) → 0 as ∆ → ∞ and to understand the physics of the rate. We will see that we may have a power-law dependence such as f ∆ 1 (∆) ∝ 1/∆ 2 in some cases, for example in RS-type models. However, in many situations we actually find an exponential dependence
where the rate depends on the density of states in the sector created by O 1 and O 2 , and λ is some constant that may depend on O 1 . In the case of linearly confining theories such as 'soft-wall' AdS/QCD [8] , we predict that p = 1 from the arguments of section 4.2. When f → 0 quickly at large ∆, we have a rapid decoupling of the high dimension operators from the low-dimension and low-mass spectrum of the broken CFT. The latter follows because the probability for a high dimension operator to create very light particles is proportional to |f ∆ 1 (∆)| 2 . This makes the d and d + 1 dimensional notions of decoupling compatible. We will argue that in bulk models that are asymptotically AdS in the UV, large dimension CFT operators naturally decouple from the interactions of the light particles, which we refer to as 'mesons and glueballs'. In the bulk theory, there are two distinct mechanisms behind this decoupling:
• Higher dimension operators in the broken CFT can create mesons with larger masses, so d-dimensional decoupling follows from (d + 1)-dimensional decoupling.
• Bulk modes associated with operators of different dimensions can be localized in different regions. Bulk locality then leads higher dimension operators to decouple exponentially as a consequence of tiny wave-function overlaps.
We will see that on the one hand, the first mechanism occurs in "hard wall" RS-type models, where space-time ends at some point in the bulk. The second mechanism tends to dominate in generic "soft wall" models, where the bulk geometry cuts off more smoothly. Our results explain the decoupling of high-dimension operators in explicitly solvable models such as 2-d QCD [22, 23] . Our analysis will mostly be at the level of the quadratic bulk actions that determine CFT operator dimensions, meson and glueball masses, and bulk wavefunctions. These data can be determined from a one-dimensional Schrodinger equation for the bulk modes. Our results will be sufficient to demonstrate the decoupling of high dimension operators in large N type broken CFTs, for it will imply that the interactions of high-dimension operators must be suppressed by a combination of large energy denominators and small couplings from suppressed bulk wavefunction overlaps. We will leave a more detailed study of the meson and glueball interactions for future work.
The outline of this paper is as follows. In section 2 we will review a number of results about hard-wall RS-type models and holography, emphasizing the role of effective field theory in the bulk. In section 3 we will give a detailed analysis of the expectations from naturalness for meson and glueballs in hard-wall models. We move on to study general models in section 4, beginning by motivating more general warped metrics with dilaton profiles. We explain the mode decomposition in section 4.1.2. Instead of attempting to solve the Einstein's equations, we study and then utilize model-independent constraints from the Null Energy Condition on the metric, which are dual to the a-theorem [24] [25] [26] . We conclude the section with a few simple examples. We then give a general argument for decoupling in section 4.2. Since this argument shows that operators with very different dimensions typically create mesons localized in different regions of the bulk, in section 4.3 we explain why this does not lead to very different physical meson sizes in the d-dimensional theory. We discuss our results in section 5 and emphasize the importance of further investigating these phenomenon directly in the CFT. In appendix A we justify an approximation used in section 4.2 and give a brief demonstration of how the form factor in equation (3) relates to the density of states in a simple class of models. In appendix B we explain CFT operators normalizations.
Review and Observations About RS Models
We will begin by making some simple observations about the relationship between d + 1 and d-dimensional effective field theory and naturalness in RS-type models [4, 5] . RS models have been extremely well-studied and reviewed, see e.g. [27] , and most of the points we will make here are known to experts; we assemble them as an introduction to a more general story. For notational convenience and familiarity we will usually take d = 4, although the points we make will not be specific to this case.
RS models live in the Poincaré patch of AdS space, with metric
where
AdS is the AdS curvature scale. The AdS slice ends at an 'IR brane' at z = z IR in the bulk, and this brane is the source of conformal symmetry breaking. Because the AdS space abruptly ends at z IR , RS models are also referred to as 'hard wall' models. We will only be studying the dynamics of the conformal sector by itself, so we will not include a UV brane. In RS models we have a 'radion' or 4-d dilaton mode corresponding, in effect, to fluctuations of z IR . The radion is a single 4-d degree of freedom that arises when conformal symmetry is broken. If we have spontaneous breaking of conformal invariance the radion would be a massless goldstone boson, whereas a massive radion would indicate the explicit breaking of conformal invariance. In generic non-supersymmetric broken CFTs we expect to have explicit breaking with a massive radion, but at large N the radion might still be identifiable, as it will have a small width.
Most of the degrees of freedom in an RS model will be fields that live in the bulk of the AdS space, corresponding to operators in the CFT that would fill out full irreducible representations of the conformal group in the absence of conformal symmetry breaking. These fields will generically have both a bulk action and a boundary action localized on the IR brane at z IR . Given a cutoff Λ 5 for the 5-d EFT in the bulk, we expect that the bulk and boundary actions will generically contain all operators consistent with the symmetries of the theory, with coefficients related to powers of Λ 5 with order one coefficients. For example, for a scalar field Φ we would most naively expect
The bulk mass-squared term c 2 Λ 2 5 in the above Lagrangian is related to the dimension ∆ of dual CFT operator by the usual relation for scalars c 2 Λ 2 5 R 2 AdS = ∆(∆ − 4). We have made the assumption that the potential on the IR brane does not have any linear 'tadpole' terms. This means that it is minimized with Φ = 0, so that Φ will not acquire a non-trivial bulk profile breaking conformal symmetry away from the IR brane. Alternatively, fields with Φ(z IR ) = 0 but Φ(z) → 0 as z → 0 can be used to produce a radion potential, as in the GoldbergerWise mechanism [28] . In many constructions the dimensionless couplings c i and a i can be small because of symmetries, or due to an overall factor of 1/N in the CFT. In AdS this can correspond to the difference between e.g. the string scale and the Planck scale.
Note that the IR brane localized action on the second line of equation (5) contains precisely two marginal or relevant terms; although we have written the action in d = 4 these two terms would be present in any number of dimensions. Keeping only these terms and a contribution from the bulk action, one obtains one of the two boundary conditions:
In the limit that a ⊥ = 1, both Dirichlet and Mixed boundary conditions set Φ = 0 at z IR , because the boundary kinetic term cancels a contribution from the kinetic term in the bulk action, leaving only the boundary mass term. If a 2 = 0, then we have the special case of a Neumann boundary condition that imposes ∂ z Φ = 0 at z IR . It is the combination of the bulk mass term c 2 with this boundary condition that determines the KK mode masses. The ultimate spectrum of 4d masses depends on both the dynamics of the purely conformal sector together with some details of the conformal symmetry breaking, reminiscent of the way the low-energy spectrum in theories with broken supersymmetry depends on the mechanism of supersymmetry breaking. Our main focus will be the limit of large bulk masses when the conformal symmetry breaking dynamics are kept fixed.
As shown long ago in [29, 30] , unless we choose Dirichlet boundary conditions we do not have the option of ignoring the a i couplings. Loop corrections in the bulk theory give rise to divergences that require counterterms for the a i couplings. Even if we tune some of them to zero, the marginal couplings are regenerated by logarithmic running.
Hard Wall Models and Effective Field Theory
In the following two sections we will explain why decoupling in (d + 1)-dimensional RS or 'hard wall' models is compatible with decoupling in the d-dimensional EFT description of the low-mass 'mesons' and 'glueballs'. In particular, we recover the standard result that states of large mass M d+1 in the (d + 1)-dimensional theory, which are dual to high dimension CFT operators, create states with d-dimensional masses m d ∝ M d+1 . We treat both scalars and fermions in order to address the role of chiral symmetry, which protects fermion masses.
These results have implications for RS models [4] and hard-wall AdS/QCD [7] . For example, since the Higgs boson must be light compared to other resonances in RS, we should expect it to be described by a low-mass bulk field, which suggests that it will not be sharply localized on the IR brane. A related phenomenon was recently seen in [31] .
Scalars
We will now show that in the absence of symmetry or tuning, the lightest KK mode from a heavy bulk field has a large d-dimensional mass. This is the simplest example of decoupling. To quantify this, we can consider how this d-dimensional mass changes as we vary the boundary conditions on the IR brane.
Let us start with an easy special case in d = 4 dimensions before treating the general problem. We will look at how perturbations to the marginal and relevant quadratic terms on the IR brane give mass to a bulk scalar zero mode that has been tuned to produce a massless 4-dimensional particle. We use separation of variables to write
This gives a Schrodinger equation for ψ(z); the solutions are generally Bessel functions, but when the zero mode ψ 0 is massless in 4-d we find a simple power-law in z. Let us now ask how the 4-d mass of this mode changes under a shift of the IR boundary condition.
Recall that the presence of a boundary mass term
plus the canonical quadratic action in the bulk implies the following boundary condition on the wavefunction ψ 0 for Φ 0 , the lowest energy mode of Φ:
Following convention, we have defined the proper distance coordinate y through kz = e ky . An IR (UV) localized massless zero mode has b = ∆ (b = 4 − ∆), respectively. The IR localized wavefunction is proportional to (kz) ∆ = e ∆ky , and we can work out the normalization from
from which we learn that in the limit where
Thus, if we take b → b + δb in S bd and evaluate the new contribution to S bd from δb, we find
where we have used
, L IR is the IR brane length scale L IR = e ky IR R AdS , and φ 0 is the zero mode, so that the bulk field Φ ⊃ ψ 0 (z)φ 0 (p µ ). Thus, we see that changing the IR boundary condition changes the φ 0 mass by
for generic detunings of the boundary condition. Massless scalar modes can only exist as a consequence of a symmetry or a tuning; moreover the tuning must be increasingly severe for larger ∆. Now let us consider the general case and illustrate some features that arise at large dimension ∆. We will study how the 4-d mass of the lightest KK mode in a large ∆ bulk scalar field depends on the IR boundary conditions. If we factor out e 3 2 ky from the bulk scalar wavefunction ψ 0 to define g 0 ≡ e − 3 2 ky ψ 0 , then the equation of motion can be written as
which has only a single solution that is regular in the UV at z = 0:
The boundary condition (9) 
This agrees with our earlier calculation for b ≈ ∆, but it shows that in general m 2 0 ∝ ∆ 2 in the absence of tuning or symmetries.
A general point that will be relevant for our later analysis is that, in the absence of any tuning of the boundary term b, we could have read off that m 2 0 ∼ ∆ 2 immediately from the equation of motion (13) . The reason is that (13) has the form of a Schrodinger equation with a potential containing a ∼ ∆ 2 z 2 term at large ∆. In a hard wall model, this pushes the zero mode up against the hard wall at z = L IR , and the potential therefore gives a contribution to the "energy" (in this case, the eigenvalue m
Hard wall models lead to a conventional notion of decoupling, because high dimension operators in the broken CFT create heavy modes.
In more general models of conformal symmetry breaking, we will continue to see this type of balance in the Schrodinger equation: the bulk mass term ∆ 2 /z 2 pushes modes towards larger z, while the contributions from the dynamics of confinement pushes them toward smaller z.
Chiral Fermions
In this section, we discuss a case that involves the second mechanism of decoupling, through the small wavefunction overlap of heavy bulk modes with light degrees of freedom.
Specifically, in the case of fermions, zero modes can be protected by chirality (see e.g. [32] [33] [34] ). In the presence of n exact chiral symmetries, there will naturally be n massless fermions in the d-dimensional broken CFT. We will show that these massless fermions will be contained within the bulk fermion fields with small bulk masses whenever possible: if the fermion fields with small bulk masses outnumber the chiral symmetries, then all of the massless d-dimensional fermions will reside in the zero modes of these light bulk fields. To see how this works in practice, first recall the quadratic action for bulk fermions:
Imposing a chiral symmetry on the fermions implies that the mass term M should be interpreted as changing sign at the orbifold point z IR [32] [33] [34] , and the isometries of pure AdS forbid a term of the formΨΓ z Ψ. Bulk fermions are KK decomposed as
The KK wavefunctions f n satisfy [32] 
A massless zero mode (m 0 = 0) satisfies a simple first order equation. The zero mode for L or R is generally IR localized and therefore normalizable, and the boundary condition (reviewed below) that arises from the change in sign of M at z = z IR is naturally consistent with the m 0 = 0 solution to the wave equation. The lightest mode is consequently a massless zero mode. What does this mean for decoupling of heavy bulk fields? By imposing chirality for some fixed number of fermions, we can protect their masses from any corrections as we dial the bulk masses of the 5d fermions. Clearly, in the limit that all the bulk fermions are taken to be very heavy, we will obtain a theory where decoupling fails, since some high dimension CFT operators will have a large overlap with massless 4d modes. This occurs in this case because the fermion masses are protected by the chiral symmetry.
However, decoupling will happen if the number of chiral modes is no greater than the number of light bulk fields. We are then free to take all the remaining bulk fields in the theory to be heavy, and their corresponding 4d modes will become massive along with them. This is true even if we choose to lift the bulk masses of fermions that originally had large overlap with the massless 4d modes. The reason is that conformal symmetry breaking generically mixes the different bulk fields, so that the massless 4d modes will generically obtain some overlap with all of the light bulk fermions. These overlaps will become the dominant ones as the heavy bulk fermions are lifted to very large bulk masses.
We will demonstrate this effect in a simple case, where mixing between two bulk fermions occurs only on a hard IR brane:
As above, the mass term M a should be interpreted as changing sign across z = z IR so that it preserves the chiral symmetry, whereas the explicit brane mass term µ ab breaks this symmetry. Due to the IR mass term, the bulk fermion wavefunctions can contain overlap with any of the KK modes:
where the sum on n is over all KK modes. The equation of motion in the bulk is still
but now subject to the boundary conditions [32] 
and normalization conditions
We are interested in the zero modes, f 0,a . Let us take µ 22 = 2 µ 11 and µ 12 = µ 21 = µ 11 , so that det(µ ab ) = 0, but we are taking µ 11 = 0. Thus there is a massless zero mode for any , and as the mixing parameter → 0 it sits completely inside the heavy bulk field Ψ 2 . The massless zero mode has m n = 0 and thus its equation of motion (22) can immediately be solved to be
where N is a normalization factor and the y a determine how the massless mode sits within the bulk modes. The boundary condition just becomes c µ ac y c z
Consequently, the overlap of the massless mode with Ψ
which vanishes at M 2 → ∞. So we see that, for any non-zero , as M 2 is taken sufficiently large, the massless zero mode sits dominantly in the lighter bulk fermion, consistent with the new notion of decoupling.
Soft Wall Models and Effective Field Theory
In this section we discuss the relationship between the d + 1 and d-dimensional effective field theories in a more general context. As in the case of the hard wall models discussed in section 3, we will find that high mass states in the warped bulk theory decouple from the dynamics of the light d-dimensional particles. For the more general theories we consider here, this decoupling directly depends on bulk locality in a way that we explain in section 4.2. We study spacetimes with generalized warp factors that are asymptotically AdS in the UV region, but that break conformal invariance with a 'soft wall' at a single scale of IR conformal symmetry breaking. Thus we write the metric as
and assume that C(z) → 1 kz as z → 0. We also assume that the metric obeys the Null Energy Condition (NEC); this is well-motivated in the bulk, and it has also been related to the c-theorem [35] or a-theorem [36, 37] in the CFT [24] [25] [26] .
We also allow for a general bulk dilaton to the theory, with a profile e −Φ(z) multiplying the action for the other fields. This can be motivated from several perspectives. We expect that if conformal symmetry is explicitly broken by a running coupling, then there must be a bulk field with a spacetime dependent profile that breaks the AdS isometries down to the Poincaré group. In fact, if there is a single running coupling α(µ) then, via a field redefinition we can write the action of the broken CFT as
This is probably the setup of greatest interest for us because we want to study theories that generate a single IR scale. From the perspective of the holographic RG, where the z coordinate roughly corresponds to the RG scale 1/µ, we expect that the overall normalization of the action must change with z due to α(µ), justifying an overall e −Φ(z) coefficient in the d + 1-dimensional action. Furthermore, in many explicit top-down and bottom-up models of broken CFTs [8, 23, [38] [39] [40] [41] [42] [43] there is either an explicit dilaton field or an analog that arises from the geometry of additional compact dimensions.
This means that we will be studying an action of the form
where the bulk fields X i are dual to CFT operators O i . L X has the form of a standard EFT lagrangian with an expansion in powers of the bulk energy cutoff, corresponding to a cutoff on operator dimensions in the effective CFT. We will not be solving Einstein's equations; instead we will examine general C(z) and Φ(z) satisfying the NEC and leading to a broken CFT.
Bulk Wavefunctions in Soft Wall Models and the NEC
Let us begin by studying the behavior of free massive scalar fields in the background indicated in equation (29) . The relevant part of the action is
Figure 1: The Schrodinger potential in equation (33) for the KK mode wavefunctions gets contributions from the bulk mass as well as from the deviations from AdS due to the soft wall in the IR. The former dominates at small z, behaving like ∆ 2 z 2 and pushing the wavefunctions toward larger z, whereas the latter tend to push the wavefunctions toward smaller z. We have shown an example where the dilaton profile Φ(z) in equation (31) behaves like ∼ z 2 , resulting in a potential ∝ z 2 at large z, but the pattern is general. Modes are contained in a finite-sized 'cavity' in the bulk, with a central z that tends to grow with ∆.
The equation of motion for X can be solved by separation of variables between the z and the transverse directions. If we introduce the rescaled field ψ and go to momentum space for the transverse directions, we can use the decomposition
The modes ψ n have the equation of motion
and the Schrodinger potential V (z) takes the form
Solving the Schrodinger eigen-system gives the masses and bulk wavefunctions of the 'mesons and glueballs' of the Broken CFT. The dynamics will be largely controlled by the balance between different terms in equation (33) . In pure AdS, C(z) ∝ 1/kz, so the bulk mass term makes a dominant contribution of
(kz) 2 in the small z region, where the spacetime is asymptotically AdS.
We have seen that the behavior of bulk modes will be dictated by the potential V (z), which depends on the function C(z) in the metric and also on the dilaton profile. Let us review constraints of the Null Energy Condition (NEC) on the warped metric in equation (27) . Our formulae will be valid for AdS in any number of dimensions. We study general metrics consistent with two assumptions:
• The metric is approximately AdS in the 'UV region', where z → 0, so we have C(z) → 1 kz in this limit.
• The energy-momentum tensor derived from the metric satisfies the Null Energy Condition (NEC) everywhere.
Starting with the metric (27) , one obtains the Einstein tensor
The NEC implies that the quantity
This implies that the function [44]
must be non-increasing. This function has been related to the central charge c in d = 2 [35] and to a in d = 4 dimensions [36] , and in general dimensions is related to the holographic c-functions a d (z) defined in [24] [25] [26] by
In the next subsection, we consider constraints on soft wall models given the restriction above. However, we note that our analysis does not apply to metrics of the form AdS×X. As far as we are aware, the existence and behavior of holographic c-functions has not been investigated for AdS ×X compactifications where the metric of the compactification manifold X changes with z. In fact, we have observed that relevant metrics in the literature [6, 40] have NEC violation in the (d+1)-dimensional warped space-time geometry that results from a formal KK reduction on X.
Either a New IR CFT or a Wall That Ends Space
We will now show that given the assumptions of the previous subsection, we must either recover a new asymptotically AdS metric as z → ∞ or the space must end at large z with the breakdown of the low-energy EFT. Setups with growing curvature at large z are rendered finite by the presence of new degrees of freedom or extra dimensions that resolve the singularity [6, [38] [39] [40] [41] [42] , resulting in a setup reminiscent of RS models with an 'IR brane'. To understand why these conclusions follow, note that the zz component of the Einstein tensor is
Thus, in order to avoid large curvature regions with |G z z | greater than some value G * where the bulk effective theory would break down, F must never decrease below the critical value
. Moreover, since F is non-increasing, this requires it to asymptote to its greatest lower bound F ∞ . The only solution to equation (36) with F (z) approaching a positive constant
, which is therefore asymptotically AdS in the IR as well as in the UV.
Curvature singularities on the other hand imply that the bulk space-time ends, in the sense that regions beyond the singularity depend on UV physics that can be encapsulated in some sort of boundary conditions at the singularity. Extra compact dimensions may play a crucial role [38, 39, 41, 42] .
However, models can still act like "effective soft wall" models, i.e. they look like soft wall models for many of the light KK modes, with only heavy KK modes are affected by the hard wall boundary conditions. In particular, if the Schrodinger potential (33) experienced by the bulk fields rises sharply enough as the singularity is approached, then the low-lying KK modes would have to tunnel through a potential barrier to feel the hard wall. To a good approximation these modes would behave like the modes of a soft wall model.
To see this intuition borne out in detail, we can write the contribution to the potential V in equation (33) from the metric 4 as
where R is the geometric scalar curvature. If there is no cancellation in the potential V C between G z z and G µ µ , we can analyze its divergence behavior by considering just the G z z component. 5 Neglecting numeric constants, we therefore have
4 In this subsection, we are considering the case where the dilaton profile is absent, so Φ = 0 in equation (33) , and we are also using the general d formula for B, so B(z) ≡ (1 − d) log C(z). 5 In fact, keeping track of G Consequently, singularities in the curvature occur at
whereas singularities in the potential occur at
Both of these require C → 0 (positivity of F (z) implies that C is negative, so it cannot grow to ∞ without passing through a singularity at a smaller value of z). Since V C ∝ C 2 R, at C → 0, it is possible to have curvature singularities without potential singularities, but it is not possible to have potential singularities without curvature singularities. Essentially, what is necessary to achieve such "effective soft-wall" setups is that the curvature asymptotically in the UV must be small (compared to the Planck scale), so that G z z has a long way to grow before reaching large curvature. This allows the Schrodinger potential to become very large at the singularity and thus push the light KK modes away. It is likely not possible to have true soft-wall models, where all KK modes would have to tunnel through an infinite potential in order to feel the singularity.
Examples
Let us consider two concrete examples that exhibit "hard-wall" and "effective soft-wall" behavior. We will take d = 4 to avoid clutter. The first is
which has V C → 0 at z → ∞, but the geometric scalar curvature R(z) → −(8kzT ) 2 at large z. Thus, both terms in the potential push the modes in the same direction and consequently the potential does not push modes away from the singularity at all. Thus the theory is a hard-wall model.
6
The second example is
This gives
The potential therefore blows up at z → T −1 at a rate that is only power-law slower than the rate at which the curvature blows up. Consequently, the value of k compared to the cutoff of the theory determines how many light KK modes are pushed away from the curvature singularity. 6 Including the mass term M 2 C 2 (z) in equation (33) , the full potential is V (z) =
, so for (M/k) 2 > −15/4, the potential is strictly decreasing everywhere and all modes feel the hard wall.
Now let us consider a canonical example for the bulk wavefunctions, where we can solve the Schrodinger equation (33) explicitly. The model we consider [23] , which assumes an everywhere AdS metric and dilaton profile Φ(z) = az 2 yields a linear spectrum. For simplicity we now stick to d = 4; we find a Schrodinger equation
This has eigenvalues for the masses
The wave functions are
where we recall that m ≡ (M/k) 2 + 4 in terms of the bulk mass
, where ∆ is the dimension of the dual CFT operator. The functions L n a (z 2 ) are Laguerre polynomials of degree 2n in z. We see that at both large M ≈ k∆ (where ∆ is the dimension) and at large n, the squared masses are linear in ∆ and n, as expected for QCD. With this choice of metric and dilaton we also have a linear spectrum of squared masses m 2 ∝ for higher spin bulk fields at large spin . This result depends in detail on the choice of metric and dilaton profile, because higher spin fields experience the metric and dilaton in a different combination because of their tensor indices. In fact it was shown in [23, 45] that this choice for the dilaton is the unique choice that gives a linear spectrum.
In the example above, we saw that the approximately AdS region of the metric in the UV causes V (z) to grow as z → 0, while the soft-wall potential from the dilaton causes V (z) to grow at large z, pushing the bulk wavefunctions away from this region. Since the contribution to the potential at small z grew as M 2 bulk , in the case of larger bulk masses (CFT operator dimensions) the wavefunctions were localized at larger values of z. This pattern also holds in the general case, as we see in figure 1 . The asymptotically AdS metric always causes the potential to grow as z → 0, pushing the meson wavefunctions towards large z, with a larger force for larger values of the operator dimension ∆. The potential from the dilaton and/or the hard-wall pushes meson wavefunctions towards smaller values of z, containing them in some finite sized cavity in the z direction.
Soft Wall Fermions
The situation with chiral fermions in soft wall models is only slightly modified from the hard wall case. There is no boundary brane on which chiral symmetry may be broken, and the usual AdS-invariant quadratic action (17) produces an equation of motion (19) that decouples left-and right-handed modes for zero KK mode mass m 0 , so naively there is always a massless zero mode. However, the breaking of chirality and scale symmetry allows additional bulk mass terms of the form
Since Γ z is proportional to the usual γ 5 matrix, non-vanishing µ 5 (z) mixes left-and righthanded 4d fermion modes, and therefore produces a massive zero mode. Chiral symmetry could still forbid such a term, naturally leading to a massless zero mode solution to the fermion wave equation.
Decoupling of High Dimension Operators from the 4-d EFT
In the first decoupling mechanism we stated in the introduction, decoupling is a formal way of saying that we can describe the light particles with a low-energy effective field theory. The corrections from high energy states can be encoded in irrelevant operators that make small contribution to low-energy observables.
The second type of decoupling arises naturally from AdS descriptions of CFTs with an IR breaking of conformal invariance.This is the natural form that decoupling takes if we consider the dilatation operator D as the Hamiltonian of the system.
We will now give a very rough but rather general argument explaining why in broken CFTs, the states created by large dimension operators naturally decouple from the low energy states. Our argument in this section will be based on a Poincaré invariant warped compactification, so formally it requires some sort of large N expansion for the broken CFT.
There are two possible circumstances that can arise if we have only a single IR scale:
1. All modes are localized in the same region of the bulk, because all terms in the effective Schrodinger potential are proportional to ∆ 2 . In this case, the position of the potential at the minimum will be independent of ∆, and m 2. Otherwise, the effective Schrodinger potential can be written as ∆ 2 z 2 + V (z). Now we still expect that m 4−d will grow with ∆, but these quantities need not be proportional. For example, an extreme case would be V (z) ∼ log(1 + z), so we would roughly have m 2 4−d ∼ log ∆; obviously the linearly confining soft wall is a more reasonable example. In these cases the modes will not reside in the same region of z, and in fact the wave function overlaps between large ∆ and small ∆ will be exponentially suppressed, guaranteeing an even more powerful form of decoupling. Let us now see this in detail.
One can evaluate our last claim in many specific solvable models, but to make the argument in general we will make some approximations. Let us focus only on zero modes in the bulk. Highly excited modes will range over a large region in the bulk and will eventually mix, although their interactions will be diluted by volume factors.
We will assume that in natural units the potential V (z) has O(1) coefficients, so that in particular mesons with ∆ ∼ 1 will be localized near some z * ∼ 1. The meson wavefunctions obey a Schrodinger equation that we can write as
We have replaced M 2 /k 2 = ∆ 2 − 4∆ with simply ∆ 2 in order to avoid clutter; since we are mainly interested in the behavior at large ∆, this will have no qualitative bearing on the following results. We will define V tot (z) ≡ ∆ 2 z 2 + V (z) as the full potential. The key physical point is that the ∆ dependence comes from the AdS part of the metric, while V (z) does not depend signficantly on ∆. This is what causes mesons with very different values of ∆ to be localized in different regions in the bulk. Note that if instead V (z) was proportional to some increasing function of ∆, then we would obtain meson masses m 2 ∆,0 that manifestly grow with ∆, leading to a traditional form of decoupling, where high dimension operators create high mass states.
The zero modes of all mesons will be naturally centered at z such that their effective potentials are minimized. Thus for operators with large ∆, the zero mode wave functions will be centered at z ∆ satisfying
We will approximate the zero mode wave functions for O ∆ with harmonic oscillator wave functions centered at z ∆ and z * . We justify this approximation in a fairly general class of models in appendix 4.2. We could perform a more detailed analysis in any specific case by either solving the system numerically or by using the WKB approximation. Our approximation will give an approximate overlap function
where ψ * (z) is the bulk wavefunction for a meson created by an operator with order one dimension. All of the z * dependent terms are O(1) by assumption, so roughly speaking we can write the overlap as
This overlap function will be maximized when the exponent is at a minimum, with
In this region we find an overlap
The term in parentheses involving second derivates will be O(1) if V (z) grows quickly, but for shallow V (z) it can be small. In general we have V tot (z) ≈ ∆ 2 /z 4 , so we find
7 At large ∆ we expect that the full potential V tot will only have one minimum. This is the suppression factor f (∆) from equation (3) in the introduction. If we have an effective soft-wall, then we obtain an exponent that grows with ∆ and therefore a very suppressed overlap between wave functions. If we have a very hard wall, e.g.
will also be large, and there will not be much suppression of the wave function overlaps. However, in that case we will have m 2 4−d ≈ ∆ 2 , so that the contributions of high dimension operators will decouple because they create high mass states. To emphasize that large m 2 4−d is a fairly generic consequence of avoiding the exponential (56), recall that the mass-squared can be approximated by inspection of the Schrodinger equation:
Both terms on the RHS grow parametrically when z ∆ ∼ 1, the first manifestly so and the second because
A caveat is that, as we noted in section 3, boundary conditions may be finely tuned (or protected by symmetry) so that the contribution to the mass-squared from the potential is exactly canceled by the contribution from the kinetic energy term −ψ ∆,0 .
In this section we have used a rather coarse approximation, treating the meson wavefunctions as though they are harmonic oscillator wavefunctions, so the reader might wonder if specific models behave differently. In the case of the linearly confining soft-wall model [8] , one can use the explicit form for the wavefunctions to show that |ψ ∆,0 (z)ψ * (z)| ∆ 3 2 2 −∆/2 at large ∆. In these models z ∆ ≈ √ ∆, so our approximation in equation (56) has correctly predicted the power of ∆ occurring in the exponentially suppressed wavefunction overlap. We should also emphasize that this provides a concrete prediction for two-point functions in linearly confining theories such as QCD -we would expect that p = 1 in equation (3) .
In conclusion, we expect that high dimension operators will decouple, either via an ordinary power-law mass suppression, or due to a more interesting exponential form factor. Furthermore, we expect faster exponential shutoff when the meson states m 2 ∆ (n) are more closely spaced as a function of n.
A Comment on Meson Sizes
A familiar intuition from AdS/CFT posits that bulk objects localized at different values of the z coordinate can be viewed as CFT states with a characteristic size set by z. Taken literally, this would suggest that mesons localized at different values of z in the bulk duals of broken CFTs might have very different characteristic sizes. This intuition seems plausible if we take QCD as an example, where we would expect that heavy excited mesons correspond, very roughly speaking, to long strings or bound states of quarks with large orbits. One might also have expected the size and d-dimensional wave functions of mesons to help explain our decoupling results from the previous section. However, this reasoning does not seem to be borne out by a more careful analysis of the bulk theory.
Our treatment of holographic meson sizes will be simple and brief; for a more complete analysis that discusses many different measures of size see [46, 47] . The idea is that we want to measure the transverse size of the meson by probing it with some other field, such as a scalar, a current, or the gravitational field. In the case of a scalar probe O S on a scalar meson, we can write the matrix element in terms of a form factor
This form factor can be computed as usual in AdS/CFT if the bulk field S dual to O S has a bulk 3-pt coupling with the meson, which for concreteness one can take to be
where X is the bulk field dual to the mesons and S is the bulk field dual to the operator O S being used to probe the meson size. The value of the coupling λ is irrelevant to the size of the mesons, so long as it is small enough that back reaction can be neglected. One simply convolves the bulk-boundary propagator for S with the meson wavefunction in the bulk.
where G S ∂B is the bulk-to-boundary propagator for S, and the ψ ∆,n are the bulk wave functions for the X mesons. As discussed in [46] , in terms of the form factor F (q 2 ) we can define a 'transverse scalar charge distribution' as
where p·q ⊥ = 0, so the space-like momentum transfer q ⊥ is orthogonal to the meson momentum. The characteristic scale on whichF S (x 2 ⊥ ) has support gives an estimate of the meson size, and in particular we can measure moments such as x 2 ⊥ . This natural measure of size can be expressed as
Using this general method with a variety of probes, it was shown in [46] that in RS-type hardwall models, all hadrons have roughly the same size. This means that in broken CFTs dual to RS-type models, hadrons do not grow appreciably at large angular momentum or excitation number, nor is their size affected by the dimension of the CFT operator that creates them. Let us consider soft-wall models. For simplicity we will study the soft-wall model of [8] which produces a linear squared mass spectrum in excitation number and in meson angular momentum. The bulk wave functions for scalar mesons obey the Schrodinger equation (46) . As a simple consequence of the Virial Theorem, the expectation value of the bulk coordinate z 2 grows linearly with both dimension ∆ and with excitation number n when these parameters are large. However, the physical meson size x 2 ⊥ does not grow in this way. One can compute this in a parallel manner to the hard wall case. The 3-pt bulk interaction now contains a factor of the dilaton profile:
where as before we are using the bulk scalar field S dual to a CFT operator O S in order to probe the mesons represented by the bulk X modes. We need to fix the properties of O S , so we will assume it has a fixed dimension ∆ S = d = 4, dual to a massless bulk field. 8 In the soft wall model of [8] that produces a linear spectrum of meson masses the form factor is still of the form (60), but with G S ∂B and ψ ∆,n now computed in the presence of the dilaton profile background. The resulting X meson bulk wavefunctions ψ ∆,n were already given in equation (48) but for simplicity we repeat that they are
, where ∆ is the dimension of the CFT operator O X . The functions L n a (z 2 ) are Laguerre polynomials of degree 2n in z. These wavefunctions are normalized to include the metric and dilaton as in equation (31), so that
To compute the parametric size of the mesons we need to know the bulk-boundary propagator in the presence of the dilaton profile background
where U is the confluent hypergeometric function, and L IR is the characteristic IR length scale.
To compute the size of mesons we can use equation (62). Note that the size can only be extracted once we normalize the form factor so that the long-range force on the meson center of mass is fixed. The effect of this normalization can be understood heuristically by studying the function
where the approximation holds at large z. Because this function is slowly varying at large z, its expectation value weighted by the squared meson wavefunction gives a good estimate of the meson size from equation (62). This gives
This is the result -the mesons only grow logarithmically with z ∆,n . We have z ∆,n ∝ √ ∆ at large dimension and z ∆,n ∝ √ n at large excitation number, so the meson size grows only asymptotically as log ∆ or log n. This result will not change if we consider more complicated bulk interactions, and we found it to be independent of the bulk mass M S of the probe field. This universality follows from the normalization condition on the form factor in equation (62). The result also follows from dimensional analysis once we note that q appears in the combination qL IR in the propagator G ∂B .
We conclude that despite being well-separated in the bulk, mesons created by operators of very different dimensions do not have very different physical sizes in soft-wall models. The proximate reason is that highly excited states are localized in a region where the soft wall is badly breaking the AdS symmetries.
Discussion
CFTs can have two distinct Effective Field Theory descriptions. The first, which we have called the d-dimensional EFT, is the standard Wilsonian one where momentum shells are integrated out along the RG flow. The second notion of EFT for describing Conformal Field Theories is motivated by AdS/CFT duality. In this "(d + 1)-dimensional EFT", one integrates out states based on their scaling dimension or conformal Casimir. Since scaling dimensions are dual to bulk masses, in the (d + 1)-dimensional EFT we simply integrate out heavy bulk fields when their mass is above the cut-off.
A priori, these two very different EFTs are only loosely related. In particular, when conformal symmetry is preserved, the spectral decomposition of an arbitrarily massive bulk field shows that it contains a continuum of light states down to zero mass. After conformal symmetry is broken, however, d-dimensional modes obtain a discrete spectrum of masses, and CFT operators of different dimensions mix with each other. It then makes sense to ask if and how quickly large dimension operators decouple from the lowest-mass states in the theory. In this paper, we have studied conformal symmetry breaking and its consequences for the modes dual to heavy bulk fields in order to analyze the relationship between the bulk vs. boundary EFT constructions. We find that there is a single stronger notion of decoupling where both the high dimension operators and the heavy states decouple from the low energy physics.
Our analysis makes use of the assumption of a local bulk dual, and along the way we have explored various possibilities for the realization of confinement through the warp factor of the bulk metric. Constraints from the NEC have a well-known relation to holographic c-functions [26] , and their monotonicity limits the possible behavior of soft-wall models. We have shown that although no true soft wall models exist, effective soft wall models can constrain states away from infinity. It is notable that higher-dimensional metrics of the form AdS 5 × X with additional compact dimensions in X can satisfy the NEC and yet upon a KK reduction produce AdS 5 metrics that violate it when the size of X varies with the AdS radial direction. It will be interesting to see under which conditions this arises and whether a valid effective theory applies to these examples, as well as to find a generalization of the holographic c-function for AdS×X spacetimes.
An ambitious goal of holographic studies has been to systematically develop (d + 1)-dimensional holographic duals for strongly-coupled field theories whose UV conformal symmetry is broken in the IR. Informally, we are trying to transform AdS/QCD and AdS/CMT from art to science. Such constructions attempt to reproduce the low-lying spectrum of massive states in the broken CFT using the lightest fields in the bulk theory. To justify this approach, one must assume that the light resonances have their dominant overlap with CFT operators of low dimension, or more precisely, of small conformal Casimir. Our analysis of the relation between the bulk and boundary EFTs provides evidence for this assumption. Moreover, we have seen that the decoupling can often be exponential. We find this to be an encouraging sign that an approximation which includes only the lowest dimension operators may be effective even in theories with a mild or non-existent gap in the dimension of operators. In particular, we note that our prediction for QCD is that the decoupling is exponential, a fact which is confirmed by studies of 2D QCD at large N. We have used the bulk space-time as an analytical tool, but it would be very useful to have an argument for the decoupling of high-dimension operators directly in the broken CFT. In this way we could determine which assumptions concerning the broken CFT are necessary to imply the decoupling that we observe in holographic models. Some examples include the assumptions of large N and a small number of low-dimension single-trace operators [13, [17] [18] [19] [20] , and alternatively our assumption that there is only a single running coupling and z-dependent bulk profile. Since the suppression of high-dimension operators in broken CFTs can already be seen by studying two-point functions, it might be interesting to study these questions on the lattice.
We have noted that the growth of the physical size of mesons and glueballs tends to be much slower than the growth in their average position z in the bulk in the limit of large operator dimension or meson excitation number. Consequently, although soft-wall bulk EFTs can reproduce the Regge spectrum of QCD, it seems that they do not reproduce expectations for the sizes of excited meson and glueball states [48] based on the confining string picture. It would be interesting to understand whether this can be resolved, and if a bulk string theory is necessary.
A Justifying the Quadratic Approximation and
Relating f (∆) to the Density of States
In section 4.2 we provided some very general arguments that the d-dimensional EFT description follows from the (d + 1)-dimensional warped EFT description. Here we provide a slightly more general example and show why the arguments of section 4.2 apply to it. Specifically, we will consider the Schrodinger equation
and show that for large ∆ and any α > 0, the wavefunctions are well-approximated by harmonic oscillator wavefunctions. The point is very simple. This potential has a minimum at
If we expand the potential about this point at quadratic order, we find a width δz = 1
Now if we consider the variation in the potential from the cubic and higher terms at z = z ∆ ±δz, we only find a change
(73)
Thus we see that for all α > 0, as we study the limit of large ∆ the cubic and higher terms in the potential become increasingly irrelevant. So our quadratic approximation to the Schrodinger equation for the bulk wavefunctions in section 4.2 is justified.
In the introduction and in section 4.2 we mentioned that our methods can relate the density of states to the function f (∆) that suppresses the contribution of dimension ∆ operators to low-mass mesons and glueballs. For the potential in equation (70) this is easy to see. The energy of the nth level in the limit of large n grows as the power-law 
Thus we observe a simple relation that either p = q for α < 2 or p = α 2 q for α > 2 that follows because both parameters are derived from the same Schrodinger potential.
B Normalizations for Operators and Mesons
CFT operators are usually normalized so that their engineering dimension equals their scaling dimension. However, when conformal invariance is broken, it is more useful to normalize CFT operators using the LSZ prescription, so that operators have a fixed probability for creating massive particles. The two normalizations differ by powers of dimensionful parameters, which we are able to determine in this appendix by comparing with hard-wall models in AdS/CFT. Once the normalizations are fixed, we can make a physical comparison of the magnitude of 2-pt correlators between different operators.
This has the solution
where ∆ is the dimension of the CFT operator O and N is a normalization constant that is determined by
Applying the correspondence (78), we easily extract that
where . . . are the higher KK modes. By comparison with the two-point functions above (77), and using the fact that φ(p) is a canonically normalized 4d mode, we have obtained our expression for f 0 in the limit of "order 1" overlap:
In general, N is a moderately complicated function (it can be written down in closed form in terms of Bessel functions, but it is not particularly enlightening), but it simplifies significantly in the limit that ∆ is large. In this limit, we expect that m 0 ≈ c∆/z IR with c of order 1, and at large ∆ we find numerically that
Thus, we find that in the absence of any decoupling, we have overlap coefficients f 0 that behave parametrically as
When we speak of small overlap coefficients, we therefore mean small compared to this reference value.
B.2 Relationship with AdS Normalizations and Meson States
In the body of the paper, we worked out the overlap of a heavy fermion in a slice of AdS with mixing terms on the IR boundary brane. Here, we will extend the calculation to the case of scalars, in order to facilitate comparison with the overlap coefficients f 0 in the previous subsection. Our action is simply two scalars Φ 1,2 with bulk mass-squareds m 
We are interested in the bulk profile of the lightest KK mode, which sits inside both the Φ 1 and Φ 2 fields:
